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2.5 SP{h{-ÄI}APT.ED CONF{GIJ TTATIOI\S

'We hai'e cJescrihed the spin of a single electron by the two spin functions
r(io) : e attrl /i(o) : /i. [n this section we will cliscuss spin in more cletail
ancl consider the spin slates of many-electron systems. We will clescribe
rc.silic'ler/ Slater iietr:rmiuants tliat are formecl from spin orbitals whose
sprrtial parLs arc restricted to be the same for a anci p spins (i.e.. i7,1 :t,$;u"r!,lt;i. R.estricteci determinants" except in special cases, are not eigen-
fünctitltts of thc ttltal electron spin operator. However, by taking appropriate
linear cirtitLriiratiolts ol' sticir cieterminarnts we can form spin-aclalted t'on-
.l-rglurttt!ttrts, u,hich arc ir'oller eigenfunctions. Finally. we will clescribe rln-
restrit'tt'tl cjelelnriniints" which are lbrmed frorn spin orbitals thlt have
diff'ererrt sp;rtial iriirts for dill'erent spins (i.e., lZ,l : i{tia.fu!{}i).

2"5"1 Spin üpenators

The spin angular morner.ituil of a particle is a vector operator ,{.

f : ,s.,i * ,rj + s./i (2.240)

where i i. and I rr- unit vectors along the ,';, -],, and : directions. The squared
magnitude of .i is r-r scalar o1>er.ator

l-+111s--.!'.s:.!.*si*sf (2.241t
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/',lxili "' l*) : +(lü" - l'll)lx,xi xr,) : Mrlx,xi'''x*) Q'254)

where N' is the number of spin orbitals with a spin and lüp is the number of

spin orbitals with p spin. However, single determinants are not necessarily

eigenfunctions of i'.A, *. will discuss in the next subsection, by combining

a small number of single determinants it is possible to form spin-adapted

configurations that are-correct eigenfunctions of 92.

Exercise 2.35 Consicler an operat ot C that commutes with the Hamil-

tonian. Suppose lOy l, an eigenfunction of "tr with eigenvalue E' Show that

,il1@> is also an eigenfu,r.iion of tr with eigenvalue E' Thus if lO) is

(energetically) nondegenerate, then, .tl@> is at most a constant multiple of

iöd;" il*>: oloi).and henct lo) is on t-ls-::funttion of c'rn case of

degeneracies, we can always construct appropriate linear combinations of

the degenerate eigenfunctiäns of "fu'that are also eigenfunctions of '{ '

Exercise 236 c;"r, 
'*o 

n""0"g""*;;tg*f*"i*. "f " 
l*t*t

tianoperator,,'./ thatcommuteswith k', i.e., t/1Vt7: 41lVr), dlgr) :
azlgr),,a1*a2,tfto*,ftut(V,l'/('lV2>:0'Thusthematrixelementofthe
Hamiltonian between, say, singlet änd triplet spin-adapted configurations

is zero.

100 uoosnN QUANTUM cHEMlsrRY

have multiplicity (2S + 1) : l'2'3'4' " ' and are called singlets' doublets'

triplets, quartets, .t.. App.oximate solutions of the Schrödinger equation

afe not necessarrly pure-Spin states. However, it is often convenient to con-

strain approximut. *uu. functions to be pure singlets' doublets' triplets' etc'

Any single determinant is an eigenfunction of I " 
(see Exercise 2'37)'

In particular

Hint: Use expansion (2.t15) for a Slater

it is invariant to any permutation of the

z.s.z Restricted Determinants and spin-Adapted configurations

,A.s we har,e seen in Subsectio n 2.2.1, given a set of K orthonormal spatial

,rrUitufs iü,li:1.2,....K) we can form a set of 2K spin orbitals

\x,li : 1,2, . . . , 2K1 by muitiplying each spatial orbital by either the a or

/i spin function

Exercise 2.37 Prove Eq. (2'254)'

determinant and note that I ", 
since

electron labels, commutes with 4,'

Xzi- {x) -- r!,(r)u(a) i:I,2,...,K Q'255)

xzi(x) : {,lr)B@t)

Such spin orbitals are called restrictedspin orbitals, and determinants formed

frorn them are restricted determinants. In such a determinant a given spatial

- 

!/'rc

Ar
-TT-vcrl
_ tu.,3
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-TI-vzrv
--+-Fü

l,v) : I v, V, v" Q" v,Qo

orbital tft, can be occupied
by two electrons (one with
venient to classify the tytr
number of spatial orbitals r

each spatial orbital is doul
(see Fig. 2.II). An open she,
electron. One refers to de
contain.

All the electron spins a
not surprising that a closed
an eigenfunction of g2 wit

sr'lü,ü,ü iü i
as shown in Exercise 2.3g.
minant is the Hartree-Fock

lYo) : lü ',[,r> 
:

where we have expanded o
function is just th_e singlet sp
excited state IV?i> : l2Z) is

Exercise 2.38 prove Eq
2) as a resulr of Eq. (2.254) i

expansion (2.115) for the det
permutation operator, 4) s.,
minant vanishes because it h


